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Rework DMD through Johnson-Lindenstrauss theorem
and Random Projection
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Objective & Overview

e DMD separate the variables(space & time) and isolate dynamic structures by data.
X(t) = D7 bi®i(2)e O

A

e We will use Random projection for efficient calculations.
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Background [

ot 'V!;?de(DMD) Ex?afc‘)r’(mpma” Extended DMD(EDMD) B
ecompaosition - -
[Schmid, 2008] [Rowley & Mezi¢ 2009] Ve A0k [Williams, 2015]

onnect the DMD with

Numerical procedure to Koopman operator Better Approximation for Use kernel trick to reduce

exact dynamical features Koopman operator calculation in EDMD

from flow based on Krylov " )
sequence. %

Application of randomized Dynamic Mode Decomposition(rDMD)
Koopman Operator
[Mezic, 2002] O Random projection will projected data into
ynamics of PhySical SyStemS that reasonable Space
they model based on the spectral
properties of the Koopman operator. 1 Simple and accurate calculation

A Low computational cost

Koopman Operator

K , 1931
[Koopman ] Reduce the storage cost

Infinite dimensional linear )
operator which describe We are looking at DMD in lens of Johnson-Lindenstrauss

the evolution of observable theorem and random projection.
functions.



Koopman Operator

Koopman operator is a tool to analyze global dynamics of a dynamical system
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Koopman operator is defined by,

K : F — JF,which acts on
function space F = {set of functions ¢ : M — R}

Y (z) = K[¢](z) = [6(z" — f(2))¥(z")da’ = 4o f(z)
e Meaning measure f but downstream
by .
e Adjoint operator of Frobenius-Perron
operator.

Koopman operator is a
e Linear,
e infinite dimensional

operator. 5
[Koopman, 1931]



Snapshot Matrix and Estimating Koopman operator

‘Uz - S, contains measures of all states at step 7.

e

K
X —=Y

0
Pl 2

Gulf of Mexicd ,

Kp =YX!

52
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- Koopman operator acts as a time shift on columns

Kp = argmin || KX - Y|

[Rowley & Mezié 2009]




Commonly Used DMD Algorithm Q

X=|8 - Su| Y=|8 - Sy

NxM . . NxM

Kp(nxn) =Y X'

/ Computing spectrum of Kp () is expensive \
Therefore, it estimated by
Kp(1xp) = U Y(U*X)!

where X = U3V} . -
\ )

~

e There are a few variations of the basic
algorithm.

e DMD spectrum is a numerical estimator
for Koopman spectrum.

- J

/ Exact DMD

Input: X,Y
1 [Up, 2, V;] = SVD(X); // Truncated SVD
2 Kp =UYV,2'; // Compression K | Kp

4 ®=YV, X '¥; // ® estimates eigenvectors of K
gt b= @*X[:,l]; // Estimates the coefficients
Output: &, A, b

3 [U,A] = eig(Kp);// diag(A) equals to eigenvalues of K

\ X(t) == Z;ﬂzl b; ®; (z)e“it w; = ln(Al)/At

/

/"Why DMD?

- Isolate specific dynamic structures
- Equation free modeling

- Reduce the dimension of the data
- Can identify physically meaningful
K decomposition

)

[Tu, et. al, 2014]



DMD in Projected Space

Kp = argmin ||KX - Y|, —> DMD: Kp yxy) = YXI

[ DMD in projected space with rank L projector ]- m

Kp = argmin |[KPX — PY||,
Kp (LxL) = PLxNY(PLxNX)T
Ky, = PKp Pt

Therefore Kp and Kp Have common eigenvalues

If (]AS 1, 1s eigenvector of Kp, then (}3 = pf <13 1, 1s a eigenvector for Kp

b = Y(PX)!¢y is also a eigenvector of K.

| DMD with SVD projection ]

Projection matrix P = U; where X = U XV}

Projection matrix P = Rp .y = (

where elements R; ; distributed R; ; ~

[ DMD random projection (rDMD) ]

%R@j)
71d

(0,1)



Johnson-Lindenstrauss Lemma and Random Projection

e The random projection method is based on the Johnson-Lindenstrauss lemma.

/ Theorem|[Johnson-Lindenstrauss Lemma]:
For any 0 < € < 1 and any integerM > 1 letL be a positive integer such that L > Ly withL

Cln M
62

where (' is a suitable constant (C' ~ 8 in practice, C' = 2 is good enough). Then for any set X of M data points in RN,

)

there exists amap f : RV — R” such that Given... @1 © M points
2 ® o
forall z;, @2 € X, ‘\'howi o RN
Sl e
. e

Mz — @a|* < |1 £(21) — f@2)|* < (1+€)l|z1 — s
[Johnson et. al, 1984]
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/T heorem[Random Projection]
Forany 0 < ¢,d < % and positive integer IV,

e @ T2

\ “" ... is there a L such that
ll; — 25l ~ (1 % €)l|; — ;]|
with L << N?

C In(1/5)

v ]
€*

there exits a random matrix of B of size L x N such that for L > Ly with Ly =

and for any unit-length vector € RN, Pr{|||Bz||* — 1| > €} < §
_or Pr{||Bel” ~ 1 > ¢} < &0

[Papadimitriou et. al., 1998]
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Randomized DMD

DMD in projected space with rank L random projection R

12 — &) < Eme
—€

C log(M)

with at least probability of O(1/M?) for any 0 < € < 1 with L >

-
/Why rDMD? \

- Simple calculation with high accuracy

- Reduce the computational cost

- Reduce the storage cost

- SVD based existing algorithms need to store high
resolution data matrix and may lead to memory
issues

Algorithm 1: Randomized DMD(rDMD)

- Our proposed algorithm can reduce the dimension of
\ data just using matrix multiplication. /

Data: X, Y € RNxM
Input: €
Lo = SinM.
P ’
Choose L such that L > Ly;
Construct a random matrix R = ?z(r,»,) € RE*N such that r;; N(0,1);
VL] J
Calculate X; := RX, Y, :=RY;
Calculate K = Y;_XI;
[A & ]=eigs(K);
Result: diag(A), YX,'}I)L

10



Example: Fluid Flow

Example: FLUID FLOW PAST A CYLINDER AT RE=100

Data source: http://dmdbook.com/
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Our proposed algorithm can reduce the dimension of data just using matrix

multiplication.
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Our proposed algorithm can reduce the dimension of data just using matrix

multiplication.
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Standard DMD

rDMD

rDMD(ran Proj): Background Mode
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NASA's stunning Perpetual Ocean animation visualizes

ocean currents (Image: NASA /Goddard Space Flight

Center)
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Error Analysis with Logistic map example
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DMD on projected space approximate
Koopman Operator

JL-theory grantee a Random projection.
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€

rDMD

o Computationally Efficient simple
algorithm

o Reduce the storage cost.

We will extend our current randomized

method to extended DMD and kernel DMD.
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Random Projection

[ Random projection to EDMD ]
Extended DMD: Ky« ) = ®(X') ¥ (X)!

Random projection matrix B can be use to reduced the dimensionality of input/output space and new
operator is given by :

K (1x1) = Brxnv¥(X') (BL><N‘I’(X))T y Y(e:)
B'Kg = Kg Bt £
" , ¥ ¥(z:) = By(x:)
Therefore Kg and Kg Have common eigenvalues o)
If v is eigenvector of KE ,then v = B'% is a eigenvector for Kg RE

[ Random Projection with kernelized DMD ]

We can construct B = W(b)T = [4h(b;) ¥(by) ... (br)]* by randomly sampled b; € M.
Then entries ¥ (X) ij = k(bi, z;) and \i’(X)ij = k(bi,z;) can be calculated implicitly.

18



Proposed randomized

Koopman Operator
on projected space Fpy A

Y M > R

W10n)

1P1(x1) lpl(?CM)

wy) =

lI"()()= : H :
YnCea) - Yn(xm) NxM Yn(O1)

Goal is to reduce this dimension to L << N.
Use random projection matrix B € R*N

ClnM
L>==
62

with € — isometry.
4

P(X) = BY(X)

We choose B = W (b)T = [y (by), ..., (b )],
where b; € M fori = 1, ..., L and selected
randomly.

7

PX) =WB)WAX) =G Now instead of calculate G,Q by
inner product of the feature
space, we can reduce the
calculation by using a kernel k.
This kernel should produce L

Gij = k(b;, x;) dimensional feature space.

Fny =span{yp;:i=1,.

!! Y1,Y2, -
Yi

There are M data points of Y = [, ...x]T € RV

kernelized DMD

N}

,Ym € M
= Se(xi)
V1 Om)

By .

e RNXM

‘vV

P(Y) = BY(Y) € RM

N/

\ 4
PO =¥YOL'YY)=Q

y

Qij = k(bi,y))

K.k = argmin ||[KG — Q||
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